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Abstract
We calculate the quantum vacuum interaction energy between two kinks of the sine-
Gordon equation. Using the TGTG–formula, the problem is reduced to the known
formulas for quantum fluctuations in the background of a single kink. This interaction
induces an attractive force between the kinks in parallel to the Casimir force between
conducting mirrors.
1 Introduction.
Topological solitons belong to the most interesting topics in quantum field theory as models
for extended objects like strings, domain walls and baryons. The interaction of these objects,
especially the scattering on one another, follows from their properties as classical fields. In ad-
dition, there is an interaction due to the vacuum fluctuations of quantum fields coupled to the
background of the topological solitons. This is a vacuum quantum effect in complete analogy
to the Casimir effect between conducting surfaces. The investigation of this interaction was so
far quite difficult due to the inherent ultraviolet divergences present in the intermediate steps
and the complicated procedure of their removal. The situation changed with the appearance
some years ago of the new T-matrix (or scattering) representation of the vacuum interaction
energy [1, 2]. It is also called TGTG-formula and we follow this notation. It allows to com-
pute the Casimir force between objects of complicated shape with moderate computational
effort. In [3], the method was generalized to background fields that give rise to potentials
with compact support. In the present paper we are going to apply this method to the vacuum
interaction of two kinks of the sine-Gordon (SG) equation.
Since the appearance of the DHN formula in the middle 70’s ([4, 5]), where the one loop
correction to the mass of the λφ4 kink was firstly computed, many progress has been made in
developing computational methods to calculate 1–loop corrections to the mass of topological
solitons. Heat kernel and zeta function techniques ([6, 7, 8]) have been very powerful to
compute one loop corrections to masses of topological defects even when the explicit classical
solution for the topological defect is not known. An complete account for the vacuum energy
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in a continuous background field in terms of scattering data was given in [9]. Remarkable
recent results using zeta functional techniques are in the papers by Alonso-Izquierdo, Guilarte
et al [10, 11, 12, 13].
Classical interaction between topological objects in field theory is a very well known topic,
for references see the book [14]. As related to the present paper we mention [15, 16], where
the interaction between two SG–kinks was considered; the classical and quantum (in terms of
collective coordinate) scattering for instance.
The interaction between classical objects like kinks receives contributions from the vacuum
energy of the quantum fluctuations of these fields. For one object, these are the quantum
corrections to the mass mentioned above. If one has two objects, their common mass receives
similar corrections. We are interested in that part, which depends on the separation and
which is responsible for the force acting between them. Of course, this part can be calculated
starting from the complete quantum energy of the compound object. An example is the
vacuum interaction between two delta functions in [17]. However, this makes it necessary
to solve the spectral problem in the background of two kinks. This is possible, in principle,
but quite cumbersome. Using the TGTG–formula, this problem can be solved using the
knowledge from the problem for a single object. In this way, the problem becomes much
simpler, especially in case the scattering for a single object is known like in the SG–model
which we consider here.
In the next section we introduce the necessary notation and basic formulas of the SG–
model. In Section 3 we consider two kinks and their classical interaction. In Section 3, we
first define the setup for the quantum fluctuations, including the TGTG–formula, and than
calculate the quantum interaction. Conclusions are given in the last section.
2 Units and dimensions in the sine-Gordon model
We are interested in the calculation of the quantum corrections to a classical energy. Hence
it is useful to take a system of units in which
c = 1, and ~ 6= 1.
Therefore L = T and M 6= L: [~] = M ·L. With this system of units, for a 1 + 1 dimensional
field theory, the dimension of the lagrangian density is [L1+1] = M · L−1. The most general
scalar field theory is given by a lagrangian density of the form1
L(φ) = 1
2
∂µφ
∗
∂µφ− U(φ).
Hence, a scalar field in a 1 + 1 dimensional space-time will have the units [φ1+1] = M
1/2 ·L1/2,
and the energy
E =
∫
dx
[
1
2
((∂tφ)
2 + (∂xφ)
2) + U(φ)
]
1Quantities with units will be marked by an overline.
2
has units of mass: [E] = M . Following the notation used in [18] the sine-Gordon model is
described by the lagrangian density
L = 1
2
∂µφ∂
µφ+
m4
λ
[
cos
(√
λ
m
φ
)
− 1
]
.
In the system of units selected and taking into account that the sine-Gordon model is a 1 + 1
dimensional field theory, the constants appearing in the sine-Gordon model have the following
units:
[λ] = M−1 · L−3; [m] = L−1.
To perform numerical calculations is useful to rewrite the sine-Gordon model in terms of
pure non-dimensional quantities {φ, x, t}. Again following [18], we can introduce the non-
dimensional quantities using the constants of the problem:
x ≡ mx; t ≡ mt; φ ≡
√
λ
m
φ . (2.1)
Hence, the dimensional lagrangian, can be written as
L = m
4
λ
L, (2.2)
being L the dimensionless lagrangian written in terms of non-dimensional quantities:
L = 1
2
(∂µφ)(∂
µφ) + (cos(φ)− 1). (2.3)
The energy functional written in terms of non dimensional quantities, takes the form
E =
m3
λ
∫
dx
[
1
2
(
(∂tφ)
2 + (∂xφ)
2
)− (cos(φ)− 1)] (2.4)
and the action functional is now
S(φ) =
m2
λ
∫
dx dtL. (2.5)
The constants of the original lagrangian allow to define characteristic action and energy scale
for the sine-Gordon model,
sc = m
2/λ, c = m
3/λ. (2.6)
These characteristic scales are used to write the loop expansion for quantum fluctuations
around any background field, in terms of dimensionless coefficients. Since the loop expansion
is a series in powers of ~, the loop expansion of the energy of a quantum configuration (EQ),
written in terms of dimensionless coefficients and quantities, has the form:
EQ =
m3
λ
∞∑
k=0
(
~λ
m2
)k
Ek(φQ). (2.7)
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In this last expression, E0 is the classical energy corresponding to the classical configuration
that gives rise to quantum fluctuations, and E1 is the 1–loop correction to the classical energy.
At the classical level, the sine-Gordon model has a dimensional coupling constant, but at
the quantum level the loop expansion has a dimensionless coupling given by ~λ/m2, that
is assumed to be small in order to give the loop expansion a sense. Hence we assume that
~λ/m2  1. Our purpose is to compute the distance dependence of 1–loop correction to
the force between two kinks in the large separation regime, using the TGTG–formula. We
mention, that the same dimensions analysis is valid for the λφ4 since it is just a truncation of
the cosine series for the potential in the sine-Gordon model.
3 Kink configurations in the classical sine-Gordon model
Following notation used in [18], the dimensionless action for the sine-Gordon model is given
by
S (φ) =
∫
dx dt
(
1
2
(∂µφ)(∂
µφ) + (cos(φ)− 1)
)
. (3.1)
The equation of motion arising from the preceding action functional is the very well known
sine-Gordon equation
∂2φ+ sin (φ) = 0. (3.2)
From this equation, we obtain the kink and anti-kink solutions:
φK(x) = 4arctan (e
x) (3.3)
φK(x) = −4arctan (ex) = −φK(x). (3.4)
The energy functional for the sine-Gordon model is given by equation (2.4). For static field
configurations the dimensionless energy functional can be re-written as:
E[φ] =
∫
dx
[
1
2
(∂xφ)
2 + 2 sin2
(
φ
2
)]
=
1
2
∫
dx
(
∂xφ− 2 sin
(
φ
2
))
−4
[
cos
(
φ
2
)]∞
−∞
(3.5)
Last equality is the Bogomolnyi expression for the energy functional, and gives rise to the first
order equations for stable classical solutions with finite energy
∂xφ− 2 sin
(
φ
2
)
= 0. (3.6)
Using the explicit expression for the energy functional, it is very easy to compute its dimen-
sionless numerical value for a static field configuration given by addition of two kinks with
different centers of mass separated a distance a:
φ2K(x; a) = φK(x+ a/2) + φK(x− a/2). (3.7)
Calling φ1(x) = φK(x+ a/2) and φ2(x) = φK(x− a/2), and knowing that from the Bogmolny
first order equation ∂xφK = sin(φK/2) if we take into account that E[φ1] = E[φ2] = EK (where
4
EK is the energy of one kink which is independent of the position of the center of mass), the
classical energy for the configuration φ2K is given by:
E[φ1 + φ2] = 2EK + 4
∫
dx sin
(
φ1
2
)
sin
(
φ2
2
)(
1 + cos
(
φ1 + φ2
2
))
. (3.8)
Only the last term in the right hand side of (3.8) depends on the distance between kinks.
Therefore the last term on the right hand side of (3.8) determines the classical interaction
energy between two kinks ∆cEint(φ1, φ2):
∆cEint(φ1, φ2) = 4
∫
dx sin
(
φ1
2
)
sin
(
φ2
2
)(
1 + cos
(
φ1 + φ2
2
))
. (3.9)
Using the explicit expression for the kink solution given above and simplifying, we obtain the
classical interaction energy density between two kinks
∆cint(K,K) = 8
sinh2(x)
cosh2(x+ a/2) cosh2(x− /2) . (3.10)
Integrating the energy density we obtain the classical interaction energy
∆cEint(K,K) = 16
sinh(a)− a
sinh(a) (cosh(a)− 1) . (3.11)
The same calculation can be performed for the interaction between a kink and an anti-kink
(note that EK = EK) just replacing φK(x− a/2) by −φK(x− a/2) = φK(x− a/2) giving rise
to the classical interaction energy density
∆cint(K,K) = −8 cosh
2(x)
cosh2(x+ a/2) cosh2(x− /2) . (3.12)
After integrating the energy density, the classical interaction energy between a kink and an
anti-kink is obtained:
∆cEint(K,K) = −16 sinh(a) + a
sinh(a) (cosh(a) + 1)
(3.13)
We mention that Eq. 3.7 is not the only way to introduce two kinks which are not solutions
of the equation of motion. Another possibility, aimed from the exact solution with two moving
kinks, was used in [15], Eq. (3.1),
φ2K = 4 arctan
(
ex−
a
2 − e−x−a2 ) , (3.14)
which has, however, a larger classical energy than the configuration 3.7 considered in this
paper.
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Figure 1: Classical interaction energy density (left) and classical interaction energy (right) for two kinks.
Figure 2: Classical interaction energy density (left) and classical interaction energy (right) for a kink and an
anti-kink.
4 Quantum vacuum interaction of two kinks
In the TGTG–method for calculating the vacuum interaction energy it is assumed the back-
ground potential to be a sum of two2,
V (x) = V1(x) + V2(x). (4.1)
Originally, it was assumed that both parts of the potential have non–intersecting compact
supports. In fact, this restriction can be released. In that case one cannot reduce the problem
to the scattering data but since we have explicit formulas for the scattering at any separation,
this restriction is not effective in our case. In the original papers the method was used in
(3+1) dimensions. So we will give the corresponding formulas for (1+1) dimension below.
These are easier, but specific since we have a scattering problem on the whole axis in place of
the half-axis of a radial variable.
2The original TGTG–method was developed to compute the vacuum interaction energy between dielectric
bodies of arbitrary shape. In this picture each if those objects were represented by a classical potential with
compact support.
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4.1 Vacuum interaction between extended objects in 1 + 1 dimen-
sional field theories.
A scalar field theory over the real line is described by the dimensionless action functional
S(φ) =
∫
d2x
(
1
2
∂µφ∂
µφ− U(φ)
)
.
If Φ0 is a classical field configuration the formula for the vacuum energy of the small quantum
oscillations around this classical background is given by
E0 =
i
2
∫ ∞
0
dω
pi
Tr ln
(G(V )ω ) (4.2)
(see, e.g., Eq. (3.112) in [19]), where V (x) is the effective potential defined by the background
classical field
V (x) =
d2U
dφ2
∣∣∣∣
Φ0
, (4.3)
and G(V )ω is the Green functional associated to the Schro¨dinger problem defined by the effective
potential for the quantum fluctuations around the classical background. The euclidean formula
for the vacuum energy is given by:
E0 = −1
2
∫ ∞
0
dξ
pi
Tr ln
(
G(V )iξ
)
(4.4)
Remark on the euclidean formulation. When the quantum mechanical system for one
particle states arising from the quantum field theory has bound states we must be careful
in all the manipulations that involve free field operators. All calculations must be done in
the euclidean rotated system in order to avoid pathological expressions in which operators
acting on different Hilbert spaces are multiplied (these multiplications are not defined). When
euclidean rotation is taken all the spectra are continuous and the only restriction we must
take into account is the possibility of a lower bound for the imaginary frequency ξ.
In order to use just a potential that goes to 0 when x → ±∞ we define the scattering
potential V˜ (x) in terms of m2 ≡ limx→±∞ V (x) as
V˜ (x) ≡ V (x)−m2. (4.5)
The euclidean Schro¨dinger problem associated with the one particle states of the field theory
is described by the differential equation(
ξ2 − d
2
dx2
+ V˜ (x) +m2
)
φξ(x) = 0, (4.6)
and the kernel G
(V )
iξ (x, y) of G(V )iξ is given3 by the equation(
ξ2 − d
2
dx2
+ V˜ (x) +m2
)
G
(V )
ξ (x, y) = δ(x− y). (4.7)
3In order to simplify the notation, from now on and unless it induces errors, we will denote the euclidean
rotated operators kernels and functions just with the subindex ξ instead of the subindex iξ. We will use
subindex ω to denote the real frequencies, and hence will refer to the standard theory (non Wick rotated)
instead of its euclidean version.
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Observation. Note that the Green function for the potentials V (x) and V˜ (x) are related by
the equality
G
(V )
ξ (x, y) = G
(V˜ )
ξ
(x, y), ξ =
√
ξ2 +m2. (4.8)
Taking this into account from now on we will only manipulate Green function associated with
the scattering potential V˜ (x) associated to V (x), and keep in mind that the vacuum energy
for the background defined by V (x) can be computed in terms of the Green function associated
with V˜ (x) changing the integration interval in ξ:
E0[V ] = −1
2
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2 Tr ln
(
G(V˜ )ξ
)
. (4.9)
To obtain an expression for the kernel G
(V˜ )
ξ (x, y) it is useful to go back to the non-euclidean
theory and study the standard scattering problem. If uk(x) and vk(x) are two independent
solutions of the problem defined by(
− d
2
dx2
+ V˜ (x)
)
ψ(x) = k2ψ(x), (4.10)
then the kernel (ω2 = k2 for the scattering potential V˜ ) G
(V˜ )
ω (x, y) of G(V˜ )ω is given by
G(V˜ )ω (x, x
′) = −uk(x<)vk(x>)
W [uk, vk]
, (4.11)
being W [uk, vk] = uk(x)v
′
k(x) − u′k(x)vk(x) the Wronskian of the two solutions4. From scat-
tering theory, if k is in the continuum spectrum, then uk(x) and vk(x) correspond to the right
and left handed scattering solutions, whose asymptotic behavior is given by
vk(x) =
{
eikx + rre
−ikx, x→ −∞,
tre
ikx, x→∞, (4.12)
and
uk(x) =
{
tle
−ikx, x→ −∞,
rle
ikx + e−ikx, x→∞. (4.13)
Using the Lippmann-Schwinger equations we can write the differential equation for the propa-
gator G
(V˜ )
ξ (x, x
′) in an integral form, in terms of the potential V˜ (x) and the free Green function
G
(0)
ξ (x, x
′):
G
(V˜ )
ξ (x, x
′) = G(0)ξ (x, x
′)−
∫
dx1G
(0)
ξ (x, x1)V˜ (x1)G
(V˜ )
ξ (x1, x
′). (4.14)
Defining the T operator for the potential V˜ in coordinates as
G
(V˜ )
ξ (x, x
′) = G(0)ξ (x, x
′)−
∫
dx1dx2G
(0)
ξ (x, x1)T
(V˜ )
ξ (x1, x2)G
(0)
ξ (x2, x
′), (4.15)
4Observe that since uk(x) and vk(x) are independent solutions with the same eigenvalue their Wronskian
is constant and non zero [20]
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one deduces that
V˜ (x)G
(V˜ )
ξ (x, x
′) =
∫
dx1T
(V˜ )
ξ (x, x1)G
(0)
ξ (x1, x
′), (4.16)
and, in operator notation,
G(V˜ )ξ = G(0)ξ − G(0)ξ · Tξ · G(0)ξ = G(0)ξ − G(0)ξ · V˜ · G(V˜ )ξ ,
⇒ G(V˜ )ξ =
1
1 + G(0)ξ · V˜
· G(0)ξ = G(0)ξ ·
1
1 + V˜ · G(0)ξ
. (4.17)
Suppose now that V˜ (x) is split into two parts, V˜ (x) = V˜1(x) + V˜2(x). In the next section we
are going to apply this splitting to the potential of two kinks,
V (x) = V1(x) + V2(x) = m
2 + V˜1(x) + V˜2(x), (4.18)
where now m2 = m21 + m
2
2 being m
2
i ≡ limx→∞ Vi(x). Using the preceding formula, we can
easily write
G(V˜1+V˜2)ξ =
1
1 + G(0)ξ · V˜1
· 1
1− 1
1+G(0)ξ ·V˜1
G(0)ξ · V˜1 11+G(0)ξ ·V˜2G
(0)
ξ · V˜2
· 1
1 + G(0)ξ · V˜2
· G(0)ξ . (4.19)
Introducing expression (4.19) into equation (4.9) we obtain an expression for vacuum energy of
a classical background given by a potential V (x) that splits into two parts V (x) = V1(x)+V2(x),
E0 = −1
2
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2
(
Tr ln
(
G(0)ξ
1 + G(0)ξ V˜1
)
+ Tr ln
(
G(0)ξ
1 + G(0)ξ V˜2
)
−Tr ln (G(0)ω )− Tr ln (1−Mξ)
)
, (4.20)
where the operator Mξ is defined as
Mξ = N (1)ξ · N (2)ξ ; N (i)ξ =
1
1 + G(0)ω · V˜i
· G(0)ω V˜i. (4.21)
Looking at equation (4.20) one notices that the first three terms do not depend on the distance
between the objects that potentials V1(x) and V2(x) represent. Hence, they will not contribute
to the Casimir force between them, i. e., they do not enter in the vacuum interaction between
the objects represented by V1(x) and V2(x). Therefore the last term of equation (4.20) gives
the vacuum interaction energy between the objects represented by V1(x) and V2(x),
E
(0)
int =
1
2
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2 Tr ln (1−Mξ) . (4.22)
Knowing that in operator notation the equation (4.16) takes the form V˜ · G(V˜ )ξ = T (V˜ )ξ · G(0)ξ ,
we can rewrite the operatorMξ just in terms of the two T -operators (one for each potential),
and the vacuum Green functions using the relation
N (i)ξ =
1
1 + G(0)ξ · V˜i
· G(0)ω · V˜i = G(V˜i)ξ · V˜i = G(0)ξ · T (i)ξ (4.23)
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for the N (i)ξ operators.
The operator notation has been very useful to obtain a general expression for the vacuum
interaction energy. However, in order to explicitly compute the quantum vacuum interaction
energy between two extended objects in one dimensional quantum field theory, we must give
an expression of the energy in terms of the kernels for the corresponding operators. As usual,
we will denote the kernel of an operator K by the corresponding capital letter K(x, x′). Hence,
Mξ(x, x
′) =
∫
dx′′N (1)ξ (x, x
′′)N (2)ξ (x
′′, x′), (4.24)
and
N
(i)
ξ (x, x
′) =
∫
dx′′G(0)ξ (x, x
′′)T (i)ξ (x
′′, x′). (4.25)
Since we are in the perturbative regime of the field theory we can assume that ||Mξ|| < 1,
and hence write5 ln(1−Mξ) ' −Mξ −M2ξ/2 +O (||Mξ||3). Under this assumption we can
write the interaction energy as
E
(0)
int ' −
1
2
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2 Tr (Mξ)−
1
4
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2 Tr
(M2ξ)
= −1
2
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2
∫
dxMξ(x, x)
−1
4
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2
∫
dxdx′Mξ(x, x′)Mξ(x′, x) +O
(||Mξ||3) . (4.26)
Calling
Eintn = −
∫ ∞
m
dξ
pin
ξ√
ξ2 −m2 Tr
(Mnξ ) , (4.27)
we can write the whole series expansion in powers of Mξ as E(0)int =
∑
n=1E
int
n /2. Using
expressions (4.24) and (4.25), the general term of the series expansion in power ofMξ can be
written as
Eintn = −
1
n
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2
∫
dxdxndyndtndznδ(x1 − x)δ(xn+1 − x)
×
n∏
k=1
G
(0)
ξ (xk, yk)T
(1)
ξ (yk, zk)G
(0)
ξ (zk, tk)T
(2)
ξ (zk, xk+1), (4.28)
being dxn = dx1...dxn+1 (equivalent for dyn and dzn). Therefore with this series expansion
the loop expansion for the interaction energy up to first order in ~λ/m2 is written as
Eint = −m
3
λ
[
∆cEint +
~λ
2m2
(
Eint1 + E
int
2 +O
(‖Mξ‖3))+O( ~λ
m2
)]
. (4.29)
5The condition ||Mξ|| < 1 is closely related to the existence of bound states in the ordinary quantum
mechanical system for the on-particle states od the corresponding quantum field theory.
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For our purpose, the case in which the potentials V1 and V2 are the same potential with a
given displacement, i. e. V2(x) = V1(x− a), is of special interest. In this case we have
N
(2)
ξ (x, x
′) = N (1)ξ (x− a, x′ − a) (4.30)
and taking into account that for the free field propagator G
(0)
ξ (x, x
′) = G(0)ξ (x− x′) holds, we
can immediately write the two first terms of the vacuum interaction energy,
Eint1 = −
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2
∫
dxdyN
(1)
ξ (x, y)N
(1)
ξ (y − a, x− a), (4.31)
Eint2 = −
1
2
∫ ∞
m
dξ
pi
ξ√
ξ2 −m2
∫
dxdy1dy2dy3N
(1)
ξ (x, y1)N
(1)
ξ (y1 − a, y2 − a)
× N (1)ξ (y2, y3)N (1)ξ (y3 − a, x− a), (4.32)
where now
N
(1)
ξ (x, x
′) =
∫
dyG
(0)
ξ (x− y)T (1)ξ (y, x′) = GV1ξ (x, x′)V1(x). (4.33)
Hence, using the last equality in expression (4.33), we can rewrite each term of the vacuum
interaction energy in terms also of the propagator for the potential V1(x). Also, it should
be mentioned at this point, that these expressions allow to perform numerical computations
in a very friendly way because calculation of vacuum energy with this method requires only
performing a numerical integration.
4.2 TGTG–calculation for the vacuum energy between two kinks:
first order.
In order to be able to obtain an expression for the quantum vacuum interaction energy between
two kinks or a kink and an anti-kink, we must firstly compute the propagator. The potential
that governs the dynamical behavior (up to second order) of the small fluctuations around the
kink and anti-kink configuration6, is the well known transparent Po¨schl-Teller potential,
V (x) = 1− 2
cosh2(x)
⇒ V˜ (x) = − 2
cosh2(x)
. (4.34)
The lower bound in the integrations over the euclidean frequency in this particular case will
be given by m =
√
2 since each Po¨schl-Teller potential gives a contribution of 1 to m2. This
potential has been deeply studied in many areas of physics, and the Schro¨dinger problem
arising for the corresponding scattering potential(
− d
2
dx2
− 2
cosh2(x)
)
ψk = λkψk (4.35)
6The spectrum of small quantum fluctuations around the kink and the ant-kink configuration is governed
by the same potential: the Po¨schl-Teller transparent potential. This means that at the one-loop level both
configurations have the same quantum properties. Therefore, one-loop correction for the mass of the kink and
the anti-kink are the same, as well as the quantum vacuum interaction between kink and the anti-kink, and
between two kinks.
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is perfectly known and solved. The corresponding eigenfunctions and spectrum are given by
ψ±k = e±ikx (tanh(x)∓ ik) , λk = k2 (scattering states), (4.36)
ψ±i = e∓x (tanh(x)± k) , λi = −1 (semi− bounded state). (4.37)
The corresponding Wronskian of two independent scattering solutions with the same eigenvalue
is given by
W (ψk, ψ−k) = ψkψ′−k − ψ′k, ψ−k = −2ik(1 + k2) = W (k). (4.38)
For k2 = 0, and k2 = −1, there is only one independent solution. For the other cases we
have two independent solutions for a given eigenvalue k2. The Fourier projection of the Green
function in the time coordinate is given by
G(V˜ )ω (x, y) =
1
W (k)
(θ(x− y)ψk(x)ψ−k(y) + θ(y − x)ψk(y)ψ−k(x)) , (4.39)
where θ(x) is the Heaviside step function. From the general expression using the eigenfunctions
written above, we obtain the expression for the Green function of the Po¨schl-Teller potential,
G(V˜ )ω (x, y) = −
eik|x−y|
2ik(k2 + 1)
(
tanh(x) tanh(y) + ik |tanh(x)− tanh(y)|+ k2) , (4.40)
and its euclidean version,
G
(V˜ )
ξ (x, y) = −
e−κ|x−y|
2κ(κ2 − 1)
(
tanh(x) tanh(y)− κ |tanh(x)− tanh(y)| − κ2) , (4.41)
being7 κ2 = ξ2. Introducing the expression (4.41) in the expression for N1 given in the last
equality of equation (4.33), we obtain from equations (4.31), and (4.32) two integral expressions
for the first two contributions to the vacuum energy that can be computed numerically. The
kernel of the operator Nξ for a single kink is obtained from the last equality in equation (4.33),
N
(K)
ξ (x, y) = −
sech2(x)e−κ|x−y| (−κ| tanh(x)− tanh(y)|+ tanh(x) tanh(y)− κ2)
κ (κ2 − 1) . (4.42)
Using the expression for N
(K)
ξ given in the preceding equation, it is very easy to compute nu-
merically the first two contributions to the vacuum energy by using formulas (4.31) and (4.32).
In order to obtain the correct result we must take into account that the asymptotic value of
the Po¨schl-Teller potential is 1 so the integration interval over ξ is (
√
2,∞). After numerical
calculations we obtain a behavior showed by figures 4. As can be seen, the contribution of Eint2
is much smaller than Eint1 . This fact means that in this case the series expansion in powers of
operator M is convergent, and hence ||Mξ|| < 1 justifying the expansion of the logarithm.
7Note that the expressions of the Green functions for the Po¨schl-Teller potential with mass term (V (x) =
1 − 2 cosh−2(x)) will be exactly the same as the ones we have in expressions (4.40) and (4.41) in terms of k.
The difference would be in the dispersion relation: for the case of the Po¨schl-Teller potential with mass term,
the dispersion relation is given by ω2 = k2 + 1 for the non euclidean case, and ξ2 = κ2 − 1 for the euclidean
case.
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Figure 3: First order in Mξ (left) and second order in Mξ (right) to the one-loop order interaction energy
between two sine-Gordon topological defects.
Figure 4: Comparison between Eint1 and E
int
2 (left), and one loop correction to the interaction energy between
two sine-Gordon topological defects up to second order in Mξ (right).
5 Conclusions and outlook
In the forgoing section we have computed the quantum vacuum interaction of two kinks
of the SG–equation. We have extended the TGTG–method to compute the corresponding
interaction energy of non compact objects represented by smooth classical backgrounds. This
allowed us to reduce the problem, which initially requires the calculation of the spectrum of the
quantum fluctuation in the background of two kinks. That is possible, at least numerically, but
constitutes a quite complicated problem. In opposite, for the TGTG–method, it is sufficient
to know the quantum corrections in the background of a single kink. For this problem, explicit
formulas are available. In this way, the final formula, Eq. (4.29) with (4.31), (4.32) and (4.42)
inserted, involves 3-fold resp. 5-fold integrals over explicit functions. We find an attractive
force.
The TGTG–formula gives exact results for no-overlapping potentials. In our case, the po-
tentials do overlap. However, since the potentials reach their asymptotic values exponentially
fast, the overlap is exponentially small as soon as the separation becomes larger then some
times the size of the kinks. Therefor our results are a good approximation for such separations,
for large ones especially.
In opposite to the Casimir effect for conductors, where there is no classical force between
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the mirrors, here we have a classical force between the kinks. It can be calculated easily, see
Eq. (3.11), for instance. For large separation its energy decreases according to
∆cEint(K,K) ∼ 32 e−a. (5.1)
For the quantum interaction we observe the same exponential decrease, with a smaller factor
in front, however. At all separations, the classical force between two kinks is repulsive, the
quantum force is attractive, but small.
Further we mention that the quantum correction is small on the background of the classical
part. There are two sources for smallness. The one is the factor in front, see Eq. (2.7). The
second is the numerical smallness. Here one needs to compare the classical energy shown in
Fig. 3, with the quantum one shown in Fig. 4, which is by a numerical factor of approximately
6 smaller. This feature is quite similar to the one with the quantum correction to the mass of
the kink. Another remark concerns the expansion of the logarithm in (4.22). We calculated
the first two orders of its expansion. We have seen that the second order is more than
one order smaller than the first one. Since the expansion of the logarithm is equivalent
to a perturbative expansion in powers of the background field, we can conclude that such a
perturbative expansion works well in the considered example.
We conclude with the remark that the techniques demonstrated in this paper has the
potential to simplify calculations of the quantum interaction for more complicated objects like
strings and other.
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